Let /: X -> Y be a branched covering of compact complex surfaces, where the ramification set in X consists of smooth curves meeting with at most normal crossings and Y has ample cotangent bundle. We further assume that / is locally of form (u,υ) -> (u n ,v m ). We characterize ampleness of T*X . A class of examples of such X, which are branched covers of degree two, is provided.
1.
Introduction. An interesting problem in surface theory is the construction and characterization of surfaces with ample cotangent bundle. They are necessarily algebraic surfaces of general type. Natural examples occur among the complete intersection surfaces of abelian varieties. More subtle examples are those constructed by Hirzebruch [6] using line-arrangements in the plane. The characterization of those of Hirzebruch's line-arrangement surfaces with ample cotangent bundle is due to Sommese [8] . In this article, we will give a characterization of ampleness of the cotangent bundle of a class of surfaces which branch cover another surface with ample cotangent bundle. We will also construct certain branched coverings of explicit line-arrangement surfaces; these constructions will again have ample cotangent bundle.
For any vector bundle E over a base manifold M, the projectivization P(E) is a fiber bundle over M, with fiber P q (E) over q e M given by T? g (E) « (2?*\0)/C*. There is a tautological linebundle ξβ over P(E) satisfying (i) ζ E \ F ^ « 0(1) P ^ V<? e M, and (ii) the projection p E : P(E) -» M gives /?^ (ξβ) ~ E. In the case that E = T*X we will denote p£ = Pτ*x simply by p.
DEFINITION. The vector bundle E is ample if ζβ over ~P(E) is ample.
In §2 we prove preliminary results along with: In what follows e{C) will denote the euler number of a curve C.
corresponds to the (non-zero) annihilators in ann (d(u n Let ζ\ be the tautological bundle over P(Γ*X) and let ζι be the tautological bundle over P(T*Y), as in the second paragraph of §1. Then b*(ξχ) on Π(Γ*X) relates to Φ*(ξ 2 ) in a key manner via the following:
Here x E X, K; is a tangent vector at x, and [tί;] denotes the line in the tangent bundle containing w . F has indeterminacy set / as described in Proposition 2. We will prove Theorem 1.1 using the Nakai Criterion for ampleness [7] : the holomorphic line bundle ξ\ on the projective algebraic manifold P(Γ*X) is ample if and only if for every subvariety V n of dimension n < dimP(Γ*X) one has that J v c^(ξ\) > 0. For brevity we define if. ^^/P roof of Theorem 1.1. Assume that C a C a < 0 for each C a in the branch locus in Y. We show that Bj i? 7 < 0 for all Bj in the ramification set. Let π*(C α ) = Σ k n ak B ak . Then Assume next that Γ*X is ample. We show that Bj Bj < 0 for any Bj in the ramification set in X. Now for any Bj in the ramification set in X the splitting lemma of Sommese [8] , [9] gives that TX\ B . « TBj Θ Λfe . For Bj the curve in P(Γ*X) determined by 5 y along with N B , we have 0 > ζ~ι 5,-= N 5 .5 7 = Bj . J? 7 .
Conversely, assume that 5 7 J? 7 < 0 for each Bj in (J^/ We show that T*X is ample. First note that since T*Y is ample we have that e(f(Bj)) is negative; hence by Riemann-Hurwitz e(Bj) < e(f(Bj)) < 0. To prove ampleness of Γ*X (i.e. of ζ\) we show that ξ\ V n > 0 for all subvarieties V n in P(Γ*X) where ζ\ is the tautological bundle over P(Γ*X). We handle the three cases n = 1, 2, 3 separately.
(1) /ί = 1. Let V n = C be an effective irreducible curve in P(Γ*X). We show that C fj" 1 < 0. This is accomplished in three sub-cases:
The last inequality follows since: Φ(C') is a curve in P(Γ*7), ^2 is ample (which gives that Φ(C) -ί^" 1 < 0), and D| c / is effective on C as C 7 is not contained in D.
Case (lii) . Suppose that C is a fiber of p (and therefore C = P 1 ). Then Cξf 
By utilizing the long exact sequence associated to (2.3), along with Riemann-Roch, one concludes that:
by hypothesis. Therefore in all cases ξ^1 C < 0. So & C > 0 and Case 1 is proven.
Case (2) n = 2. V n = 5 is an effective irreducible surface in ). Let Σ be the proper transform of S in U(T*X).
Since The last inequality follows from the hypothesis that Bj Bj < 0 along with a first remark of the proof (that T*Y ample implies e{Bj) < 0). Case (3) n = 3. V n = P(T*X). We have that
The last equality follows since b(D a ) is one dimensional by Proposition 2. 
with positivity depending on the dimension of Φ(D a ), since ξι is ample. Therefore (4) For each L e Λ at least 2 points p of L satisfy r p > 3. An explicit example of such an arrangement Λ is given in Figure 2 . The Λ in Figure 2 is obtained by choosing three generic points, say Ql, <?2, <?3, not on U Lj . To each <? z form the "pencil" of the six lines through qι containing the p } 9 j = 1, ... , 6. The resulting arrangement of 18 lines Λ will be called a threefold cone on p\,Pi,Pι,p$, p 5 , pβ and it will satisfy all the above assumptions (1) through (4), provided (as in the generic choice of q\, q 2 , q$) that there are no points p on both the threefold cone and (J Lj with r p > 2, other than P\, Pi, P3, P4, Ps, Pβ (O ne can similarly construct α-fold cones on the q = 6 points, where <z > 3 : pick a points not among the original q and run lines from each of the a points to each of the q points. This is a line arrangement consisting of a "pencils" with q lines in each "pencil".)
Given such an arrangement Λ satisfying (l)- (4), blowup all points with r p > 3 to get BP 2 , which is branch covered by i/(Λ, ή). For n > 4, H(A, ή) has ample cotangent bundle [8] . We pick Y = H(A, n) as the base of our branched cover X, which we next construct. In particular for the 3-fold cone on the q = 6 points we have: 3 . We show that when n = 5, a = 3, and q = 6 (for our 6 points Pi, ... 9 Pβ) that the double cover X cannot be any one of Hirzebruch 
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A formal line arrangement is taken here to mean a tuple of nonnegative integers (t 2 , t?>, ... , t k ) where must hold. Thus we see that in the case that n = 5, <z = 3, and q = 6, we have a surface with ample cotangent bundle which cannot be one of Hirzebruch's surfaces H{A!, m).
By computing values for (3.2) and letting n > 4 and a > 3 one sees that the various Chern ratios for the double covers (of the H(A, ή) for Λ the tf-fold cone over 6 points) range from a high of c\jc 2 « 2.12971 (when « = 4 and a = 3) down through <^/c2 ^ 2 asymptotically. EXAMPLE 3.2. We can generalize the above construction in the following way. Replace the lines L;, i = 1, ... , 4 (which we interpet as two "pencils" of two lines each) by p > 2 "pencils" P/ (for / = 1, ... , p) in general position, with each "pencil" Pi consisting of an even number, say 2kι, of lines through a fixed point p\. Choose a line arrangement Λ as before satisfying the analogues of (l)- (4) in Example 3.1: each line in a "pencil" is not a line in Λ, if any two lines of the "pencils" intersect at a point p then r p > 3 in Λ, away from the intersection points of the lines in the "pencils" at most one line of Λ passes through a point of the "pencils" (and it does so transversely), each line in Λ contains at least 2 points p with r p > 3. Again, a generic α-fold cone on the q points of intersection of the lines in the "pencils" will provide an explicit example of such a Λ.
Given such a Λ, let Y = //(Λ, n) for n > 4 and let Z be the double cover of BP 2 corresponding to
Here the V-are the proper transforms of all the lines in the p "pencils", H is the pullback of the hyperplane to BP 2 , and the E a are the exceptional curves over the intersections of the lines in the "pencils" and the n a denote the multiplicity of the αth intersection. Since each n a is even (in fact n a = 2 or 2kj) ΣL) has a square root, yielding Z a degree two branched cover of BP 2 as in Example 3.1. For n > 4, take X = i/(Λ, n) x Bp2 Z, which branch covers /f(Λ, n), with the branching of %\: X -• i/(Λ, ή) occurring on (coπi)~1(U^}) Since L'j L'j < 0, T*X is ample by Theorem 1.1.
We begin computation of the Chern numbers of the surface X which double covers i/(Λ, n) where Λ is a generic α-fold cone on the intersection points of the p "pencils". To be more explicit we rename /JΓ(Λ, n) to be //(Λ, a, q, n), the Hirzebruch line-arrangement surface constructed with the line-arrangement Λ consisting of an α-fold cone on q points, aφ q, with branching order n. There are k = aq lines in Λ. Let L, 7 be the jih line in the /th pencil and let Bjj be the preimage in H(A, a, q, n) H(A, a,q,ή) 
where E\ is the exceptional curve over P\ and the Ej in the second summation are the exceptional curves over {Li n C} U {L 2 ΓΊ C} U U {L 2k Π C}. Hence C + Σjti L) has a square root. Construct the corresponding branched cover Z of BP 2 of degree 2, along with X = ΛΓ(Λ, ή) x BP 2 Z where X branch covers //(A, /i) and n > 4. Then ί/ < k gives (C r ) 2 < 0, and T*X is ample by Theorem 1.1.
The Chern numbers of X, the double cover of Hirzebruch's surface H(A, α, q, ή) associated to the α-fold cone on the q points of intersection of the "pencil" and curve, are given by: The Chern numbers for X, the double cover of Hirzebruch's surface H(A, α, q, n) associated to the α-fold cone on the q points of intersection of the 2k lines and 2m curves, are: c 2 (X) = 2(//(Λ, a 9 q,n)) + n aq~x [-2k -6md (6) , 5) consists of smooth fibers with self-intersection 0, and the ramification set in each covering X also consists of smooth curves with self-intersection 0.
